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Abstract
We study the geometrical structure of the coadjoint orbits of an arbi-
trary complex or real Lie algebra g containing some ideal n. It is shown
that any coadjoint orbit in g∗ is a bundle with the affine subspace of g∗
as its fibre. This fibre is an isotropic submanifold of the orbit and is de-
fined only by the coadjoint representations of the Lie algebras g and n on
the dual space n∗. The use of this fact and an application of methods
of symplectic geometry give a new insight into the structure of coadjoint
orbits and allow us to generalize results derived earlier in the case when
g is a split extension using the Abelian ideal n (a semidirect product). As
applications, a new proof of the formula for the index of Lie algebra and
a necessary condition of integrality of a coadjoint orbit are obtained.
1 Introduction
A Lie algebra is a semidirect product if it is a split extension using its Abelian
ideal. The structure of the coadjoint orbits of a semidirect product is well under-
stood and known due to papers of Rawnsley [1], Baguis [2], Panyushev [3, 4, 5]
and others [6, 7, 8, 9]. According to [1], the coadjoint orbits of a semidirect
product are classified by the coadjoint orbits of so-called little-groups (reduced-
groups) which are isotropy subgroups of some representations. In fact, the fibre
bundles having these coadjoint orbits as fibres, completely characterize the coad-
joint orbits of the semidirect product. Our paper is devoted to a generalization
of these results of Rawnsley for arbitrary Lie algebras. While in [1] and [2] for
calculations the exact multiplication formulas were used, our approach in the
general case is completely different.
Let G be a connected Lie group with a normal connected subgroup N and
let g and n be their Lie algebras. Since n is an ideal of g, the coadjoint action
of G on g∗ induces the G-action · on n∗. Our considerations in the article are
based on the following two facts:
∗Partially supported by the Ministry of Science and Innovation, Spain, under Project
MTM2008–01386.
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An arbitrary coadjoint orbit O in g∗ is a bundle with some affine
subspace A ⊂ O ⊂ g∗ of dimension dimA = dim(G ·ν)−dim(N ·ν)
as its fibre, where ν = σ|n ∈ n∗ and σ ∈ A. The affine subspace
A is an isotropic submanifold of the orbit O with respect to the
canonical Kirillov-Kostant-Souriau symplectic structure on O.
(*)
The identity component of the isotropy group Nν = {n ∈ N : n ·ν =
ν} of ν acts transitively on the affine subspace A ⊂ O.
(**)
The fact (**) is equivalent to the so-called “Stages Hypothesis”, which is a
sufficient condition for a general reduction by stages theorem and was formulated
in the paper of Marsden et al. [10]. In their monograph [11] this hypothesis
was verified for all split extensions g using the Lie algebra n. Reformulating
“Stages Hypothesis” in the form (**) we found a short Lie-algebraic proof of
this hypothesis for all Lie algebras g in our paper [12]. A slight modification of
this proof and the using of Rawnsley’s approach [1] allow us to prove the fact
(*) in this paper (Theorem 18) and to generalize results derived earlier in the
case of semidirect products by Rawnsley [1]. In this direction our aim is to give,
on one hand, a description of the geometrical structure of the coadjoint orbits in
terms of fibre bundles having little (reduced) algebra coadjoint orbits as fibres
(Proposition 17). On the other hand, we investigate in detail the structure
of the isotropy subgroups with respect to the coadjoint representation of the
Lie algebra g and the little (reduced) algebra (Proposition 26) and apply this
to formulate necessary conditions for the integrality of the coadjoint orbit of
g (Proposition 27). Proving the non-sufficiencies of this condition even in the
semidirect product case, we show that the assertion [1, Corollary to Prop.2] is
not correct (see Remark 30).
The index of a Lie algebra is defined as the codimension in the dual space of
a coadjoint orbit of the maximal dimension. The description of the geometrical
structure of the coadjoint orbits mentioned above gives us a new proof of the
formula for the index of Lie algebra (Theorem 13 and Corollary 15) obtained
by Panasyuk for arbitrary Lie algebras [13]. Moreover, our approach allows us
to find the direct connection of this formula with the geometrical structure of
the coadjoint orbits of the little (reduced) Lie algebra. Remark that the proof
in [13] is based on the so-called “symplectic reduction by stages” scheme [11]
and on calculations of the ranks of some Poisson submanifold of g∗ by the
construction of the dual pairs of Poisson manifolds. This formula for index is a
generalization of the well-known Ra¨ıs’ formula for semidirect products [6]. As
another generalization of the Ra¨ıs’ formula we can mention Panyushev’s index
formula [14] for some subclass of graded Lie algebras. Remark also that the
index of representations associated with stabilizers and so-called representations
with good index behavior was considered by Panyushev and Yakimova in the
paper [15].
Summarizing the results of this article, we mention the following point:
• the properties (*) and (**) guarantee the existence of some natural linear
structure on the space of Nν-orbits and, consequently, the interpretation
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of this space as the dual space of some (reduced) Lie algebra, the inter-
pretation of the orbits in this space as the coadjoint orbits in this dual
space.
2 Coadjoint orbits and their affine subspaces de-
fined by the ideal
2.1 Definitions and notation
Let g be a Lie algebra over the ground field F, where F = R or C, and ρ : g →
End(V ) be its finite-dimensional representation. Denote by ρ∗ : g → End(V ∗)
the dual representation of g. An element w ∈ V ∗ is called g-regular whenever its
isotropy algebra gw = {ξ ∈ g : ρ∗(ξ)w = 0} has minimal dimension. The set of
all g-regular elements is open and dense in V ∗. Moreover, this set is Zariski open
in V ∗. The non-negative integer dim gw, where w ∈ V ∗ is g-regular, is called
the index of the representation ρ and is denoted by ind(g, V ). The index ind g
of the Lie algebra g is the index of its coadjoint representation, or equivalently,
the dimension of the isotropy algebra of a g-regular element in the dual g∗ (with
respect to the coadjoint representation). The set of all g-regular elements in g∗
is denoted by R(g∗).
For any subspace a ⊂ g (resp. V ⊂ g∗) denote by a⊥ ⊂ g∗ (resp. V ⊥) its
annihilator in g∗ (resp. in g). It is clear that (a⊥)⊥ = a. A subset A ⊂ g∗ will
be called an affine k-subspace if it is of the form A = σ + V where σ ∈ g∗ is an
element and V ⊂ g∗ is a subspace of dimension k. The direct and semi-direct
products of Lie algebras are denoted by × and ⋉ respectively. The direct sums
of spaces are denoted by ∔. The identity component of an arbitrary Lie group
H is denoted by H0. We will write pij for the j-homotopy group of a manifold.
Also we will often use the following well known statement on the topology of
homogeneous spaces (see [16, Ch.III, §6.6] and [17, Ch.1,§3.4]):
Lemma 1. For a connected Lie group K and its (not necessary closed) subgroup
H the following holds: 1) if H is a normal subgroup of K and pi1(K) = 0 then
H = H and pi1(H
0) = pi1(K/H
0) = 0; 2) if H = H, pi1(K/H) = pi2(K/H) = 0
then the Lie subgroup H is connected, i.e. |H/H0| = 1, and pi1(K) ≃ pi1(H); 3)
if H = H and pi1(K) = 0 then pi1(K/H) ≃ H/H0. Here H denotes the closure
of H in K.
2.2 Coadjoint orbits and their isotropy groups
Let G be a connected real or complex Lie group with a normal connected sub-
group N ⊂ G (not necessary closed). Denote by g and n the corresponding Lie
algebras. Since the Lie group N is a normal subgroup of G, we have
Adn ξ − ξ ∈ n for all n ∈ N, ξ ∈ g. (1)
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This fact is well known if the subgroup N is closed. To prove (1) in our general
case it is sufficient to remark that the curve n(exp(tξ)n−1 exp(−tξ)) is the curve
in N passing through the identity element.
Let Ad∗ : G → End(g∗) be the coadjoint representation of the Lie group G
on the dual space g∗. Since we shall consider also some subgroups of G, by Ad∗g
and ad∗ξ we shall denote only the operators on the space g
∗, by Adg and adξ the
operators on the Lie algebra g. Fix some linear functional σ ∈ g∗. Denote by
Gσ the isotropy group of σ (with respect to the coadjoint representation of G)
and by gσ its Lie algebra. Put Nσ = N ∩ Gσ and nσ = n ∩ gσ. The subgroup
Nσ is a closed subgroup in N with the Lie algebra nσ. By the definition,
gσ = {ξ ∈ g : 〈σ, [ξ, g]〉 = 0} and nσ = {y ∈ n : 〈σ, [y, g]〉 = 0}. (2)
Since the subalgebra n is an ideal of g, the adjoint representations of g induce
the representation ρ of g in n, the adjoint action Ad : G→ End(g) of G induces
G-action on n: G× n → n, (g, y) 7→ Adg y. For the dual representation ρ∗ of g
in n∗ we have:
〈ρ∗ξµ, y〉 = 〈µ, [ξ, y]〉, where ξ ∈ g, µ ∈ n
∗, y ∈ n.
The correspondingG-action on n∗ is defined by the equation 〈g·µ, y〉 = 〈µ,Adg y〉.
The restriction of this action on the subgroup N ⊂ G is its coadjoint action.
Moreover, the canonical projection Πg1 : g
∗ → n∗, β 7→ β|n is a G-equivariant
mapping with respect to these two actions of G on the spaces g∗ and n∗ respec-
tively:
Πg1(Ad
∗
g β) = g ·Π
g
1(β), for all β ∈ g
∗, g ∈ G.
Indeed, for any y ∈ n
〈Πg1(Ad
∗
g β), y〉 = 〈Ad
∗
g β, y〉 = 〈β,Adg y〉 = 〈Π
g
1(β),Adg y〉 = 〈g ·Π
g
1(β), y〉. (3)
On the other hand, the canonical homomorphism pi : g → g/n induces the
canonical linear embedding pi∗ : (g/n)∗ → g∗. The following lemma is known.
We will prove it for completeness and also because the proof will be used to give
a more general result.
Lemma 2. The canonical linear embedding pi∗ : (g/n)∗ → g∗ maps each coad-
joint orbit Ob of the quotient Lie algebra b = g/n onto some coadjoint orbit
Og of g. This map defines a one-to-one correspondence between the set of all
coadjoint orbits in (g/n)∗ and the set of all coadjoint orbits in g∗ belonging to
the annihilator n⊥ ⊂ g∗. Moreover, the restriction pi∗ : Ob → Og of the map pi∗
is a symplectic map, i.e. (pi∗|Ob)∗(ωg) = ωb, where ωg and ωb are the canonical
Kirillov-Kostant-Souriau symplectic 2-forms on the coadjoint orbits Og ⊂ g∗
and Ob ⊂ b∗ respectively.
Proof. Since n is an ideal of g, there exists a unique homomorphism ϕ of the
Lie group G into the group of all automorphisms of the Lie algebra b = g/n
such that ϕ(g) ◦ pi = pi ◦ Adg, g ∈ G. The connected Lie group Ad(G) is
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the group of inner automorphisms of g. Since each inner derivation of b is
induced by some inner derivation of g, the image B = ϕ(G) of G is the Lie
group of inner automorphisms of the Lie algebra b. Taking into account that
Ad∗g ◦pi
∗ = pi∗ ◦ (ϕ(g))∗, pi∗(b∗) = n⊥ and Ad∗(G)(n⊥) = n⊥, we compete the
proof of the first assertion.
Choose some element β′ ∈ Ob and put β = pi∗(β′). To prove the second
assertion, remark that the map pi∗ is linear. Then d(pi∗)(β′) = pi∗ and for any
ξ, η ∈ g
〈d(pi∗)(β′)(a˜d
∗
π(ξ)β
′), η〉 = 〈a˜d
∗
π(ξ)β
′, pi(η)〉 = 〈β′, [pi(ξ), pi(η)]b〉
= 〈β′, pi([ξ, η])〉 = 〈ad∗ξ β, η〉.
Thus ((pi∗)∗ωg)(β
′)(a˜d
∗
π(ξ)β
′, a˜d
∗
π(η)β
′) = ωg(β)(ad
∗
ξ β, ad
∗
η β) and by definition
of ωg
ωg(β)(ad
∗
ξ β, ad
∗
η β)
def
= 〈β, [ξ, η]〉 = 〈β′, [pi(ξ), pi(η)]b〉
def
= ωb(β
′)(a˜d
∗
π(ξ)β
′, a˜d
∗
π(η)β
′).
i.e. (pi∗|Ob)∗(ωg) = ωb.
Remark 3. As follows from Lemma 2 the set of all coadjoint orbits of the Lie
algebra g contains the coadjoint orbits of all its quotient algebras.
For the element σ ∈ m∗, consider its restriction ν = σ|n ∈ n∗. Denote by
Gν and Nν the isotropy groups of the element ν with respect to the ρ
∗-action,
by gν and nν the corresponding Lie algebras. It is clear that nν = n ∩ gν and
the subgroup Nν = N ∩Gν is a normal subgroup of Gν . Remark here, that Nν
is also the usual isotropy group for coadjoint representation of the Lie group N
on the dual space n∗.
Since [g, n] ⊂ n, by the definition,
gν = {ξ ∈ g : ρ
∗
ξν = 0} = {ξ ∈ g : 〈ν, [ξ, n]〉 = 0} = {ξ ∈ g : 〈σ, [ξ, n]〉 = 0}, (4)
nν = {y ∈ n : 〈ν, [y, n]〉 = 0} = {y ∈ n : 〈σ, [y, n]〉 = 0}, (5)
and
Gν = {g ∈ G : g · ν = ν} = {g ∈ G : Ad
∗
g σ|n = σ|n = ν}. (6)
Note that
Ad(Gν)(nν) = nν (7)
because Ad(Gν)(gν) = gν and Ad(G)(n) = n (by definition (5) 〈ν, [nν , n]〉 = 0).
Also by the identity Ad∗(G)(n⊥) = n⊥,
Gν = {g ∈ G : Ad
∗
g(Aν) = Aν}, where (8)
Aν
def
= σ + n⊥ = {α ∈ g∗ : α|n = ν}. (9)
Let Oσ(G) = {Ad∗g σ, g ∈ G} be the coadjoint orbit of the Lie group G in g
∗
through the point σ and let Oν(G) = G · ν be the corresponding G-orbit in n∗.
Consider also the orbit Oσ(Gν) ⊂ Oσ(G) in g∗ of the Lie group Gν .
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Lemma 4. The restriction p1 = Π
g
1|O
σ(G) of the natural projection Πg1 : g
∗ →
n∗ is a G-equivariant submersion of the coadjoint orbit Oσ(G) onto the orbit
Oν(G). This map Πg1 : O
σ(G)→ Oν(G) is a bundle with the total space Oσ(G),
the base Oν(G) and the fibre Oσ(Gν).
To prove the lemma it is sufficient to remark that Oσ(G) ≃ G/Gσ, Oν(G) ≃
G/Gν and Oσ(Gν) ≃ Gν/Gσ.
The coadjoint orbitOσ(G) ⊂ g∗ is a symplectic manifold with the symplectic
Kirillov-Kostant-Souriau 2-form ω:
ω(σ)(ad∗ξ σ, ad
∗
η σ)
def
= 〈σ, [ξ, η]〉, where ξ, η ∈ g. (10)
Here the tangent space TσOσ(G) is identified, as usual, with the subspace ad
∗
g σ
of g∗. We will say that a submanifoldM ⊂ Oσ(G) is an isotropic submanifold of
the orbit Oσ(G) if for each point α ∈M the tangent space TαM is an isotropic
subspace of TαOσ(G) with respect to the form ω, i.e. ω(α)(TαM,TαM) = 0.
Let us consider two orbits Oσ(N) and Oσ(Gν) (submanifolds of Oσ(G))
through the point σ. It follows immediately from definition (10) that the tangent
space TσOσ(Gν) = ad
∗
gν
σ is an orthogonal complement to the tangent space
TσOσ(N) = ad
∗
n σ in TσO
σ(G) with respect to the symplectic form ω:
ω(σ)(ad∗ξ σ, ad
∗
n σ)
def
= 〈σ, [ξ, n]〉 = 0 ⇐⇒ ξ ∈ gν . (11)
Since the form ω is non-degenerate and the isotropy algebra gσ is a subalgebra
of gν (see definition (2)), we have
dim g− dim gσ = (dim n− dim nσ) + (dim gν − dim gσ). (12)
This identity can be easily rewritten in the following form
dim nσ = dim n− (dim g− dim gν), (13)
i.e. the dimension of the Lie algebra dim nσ depends on its restriction ν = σ|n
alone. Moreover, by the commutation relation [g, n] ⊂ n, the algebra nσ also
depends only on this restriction ν:
nσ
def
= {y ∈ n : 〈σ, [y, g]〉 = 0} = {y ∈ n : 〈ν, [y, g]〉 = 0}. (14)
This Lie algebra and the corresponding connected Lie subgroup of Nν will be
denoted by nνν and N
0
νν respectively. In other words, for each element α ∈ g
∗
such that α|n = σ|n:
nα = nσ = nνν and N
0
α = N
0
σ = N
0
νν . (15)
In particular, N0νν is a closed subgroup of the Lie groups N and Nν . Moreover,
this subgroup is the connected component of the closed subgroup Nνν of Nν ⊂
N , where
Nνν = {n ∈ N : Ad
∗
n(α) = α for all α ∈ Aν} =
⋂
α∈Aν
Nα. (16)
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However, we can rewrite identity (13) in the following form:
dim nν − dim nσ = dim g− (dim n+ dim gν − dim nν). (17)
The right-hand side of this identity is the codimension of the subspace n+gν in
g because by definition nν = gν ∩ n. The left-hand side of (17) is the dimension
of the subspace ad∗nν σ ⊂ g
∗. But ad∗nν σ is a subspace of (n + gν)
⊥ because
ad∗nν σ(n) = 0 by definition (5) and ad
∗
nν
σ(gν) = 0 by (4). Therefore from (17)
it follows that
dim(nν/nσ) = dim(n+ gν)
⊥ and, consequently, ad∗nν σ = (n+ gν)
⊥. (18)
Remark 5. The subspace ad∗nν σ ⊂ g
∗ is the tangent space to the orbitOσ(Nν) =
Oσ(Gν) ∩ Oσ(N) of the Lie group Nν through the point σ ∈ g∗ and, as we
shown above, this space is the null space of the restrictions ω|TσOσ(Gν) and
ω|TσOσ(N).
Our interest now centers on the two orbits in g∗ (through the element
σ) mentioned above: Oσ(Gν) and Oσ(Nν). First of all, we will show that
Oσ(N0ν ) = σ + (n + gν)
⊥, i.e. this orbit is an affine subspace of g∗. To this
end, we consider the kernel n♮ν ⊂ nν of the restriction ν|nν , i.e. n
♮
ν = ker ν ∩ nν .
Remark that n♮ν = nν or dim(nν/n
♮
ν) = 1. By (4)
[gν , n] ⊂ ker ν and [gν , nν ] ⊂ (gν ∩ n) ∩ ker ν = n
♮
ν , (19)
so that the subspace n♮ν is an ideal in gν . Moreover, since h·ν = ν, Adh(nν) = nν
for all h ∈ Gν (see (7)) and, by the definition, 〈h · ν, y〉 = 〈ν,Adh y〉 for y ∈ n,
we have
Adh(n
♮
ν) = n
♮
ν for all h ∈ Gν . (20)
Let Nfinν be the subgroup of Nν generated by all elements n ∈ Nν such that
the power (Adn)
m ∈ Ad(N0ν ) for some integer m ∈ Z. This group is a closed
Lie subgroup of Nν because it contains the identity component N
0
ν of Nν . We
claim that
Adn ξ − ξ ∈ n
♮
ν for all ξ ∈ gν and n ∈ N
fin
ν ⊃ N
0
ν . (21)
Relations (21) were established in [11, §5.2] in the case when the Lie group
Nν is connected. We will prove (21) modifying the method used in [11]. To
this end consider the representation n 7→ Adn |gν of the Lie group Nν ⊂ Gν .
This representation induces the trivial representation of the identity component
N0ν ⊂ Nν in the quotient algebra gν/n
♮
ν because [nν , gν ] ⊂ n
♮
ν (the corresponding
homomorphism of Lie algebras is trivial). Thus relations (21) hold for all n ∈
N0ν , i.e. 〈ν,Adn ξ − ξ〉 = 0 for all such n.
Since Nν is a normal (not necessary closed) subgroup of Gν , we have Adn ξ−
ξ ∈ nν for all n ∈ Nν and ξ ∈ gν (see (1)). Now to prove (21) we will show that
the mapping
χξ : Nν → F, χξ(n) = 〈ν,Adn ξ − ξ〉, ξ ∈ gν ,
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is a homomorphism of the group Nν into the additive group F. Indeed, for
n1, n2 ∈ Nν ,
〈ν,Adn1n2 ξ − ξ〉 = 〈ν,Adn1(Adn2 ξ − ξ) + (Adn1 ξ − ξ)〉
= 〈ν, (Adn2 ξ − ξ) + (Adn1 ξ − ξ)〉,
because n1 · ν = ν. Now, if (Adn)m ∈ Ad(N0ν ) then
mχξ(n) = χξ(n
m) = 〈ν, (Adn)
mξ − ξ〉 = 0.
The proof of (21) is completed.
For the element σ ∈ g∗ denote by τ its restriction σ|gν . Using the pair of
covectors ν ∈ n∗ and τ ∈ g∗ν define the affine subspace Aντ ⊂ Aν ⊂ g
∗ as
follows:
Aντ = {α ∈ g
∗ : α|n = ν, α|gν = τ} = σ + (n+ gν)
⊥. (22)
It is clear that
dimAντ = codim (n+ gν)
= dim g− (dim n+ dim gν − dim nν)
= dim(G/Gν)− dim(N/Nν)
= dim(G/N)− dim(Gν/Nν).
(23)
We claim that this affine subspace Aντ ⊂ g∗ is invariant with respect to the
action of the Lie group Nfinν ⊂ Nν (containing the identity component N
0
ν of
Nν). Indeed, let α ∈ Aντ and n ∈ Nfinν . Since N
fin
ν ⊂ Nν = N ∩ Gν and
Aντ ⊂ Aν , by (8) Ad
∗
n α|n = ν. To prove that Ad
∗
n α|gν = τ remark that
by (21) for all vectors ξ ∈ gν we have
〈Ad∗n α− α, ξ〉 = 〈α,Adn ξ − ξ〉 ∈ 〈α, n
♮
ν〉 = 〈ν, n
♮
ν〉 = 0,
i.e.
Ad∗n(Aντ ) ⊂ Aντ for all n ∈ N
fin
ν ⊃ N
0
ν . (24)
As we have shown above, the Lie algebra nσ is defined by the restriction σ|n = ν
alone, therefore nσ = nα (see (15)). By definition Nα ⊂ Nν and, consequently,
N0α ⊂ N
0
ν . Taking into account (18), we obtain that the Ad
∗(N0ν )-orbit in the
space Aντ through the element α (isomorphic to the quotient space N
0
ν /(Nα ∩
N0ν )) is an open subset of Aντ :
dimN0ν /(Nα ∩N
0
ν ) = dim(nν/nα) = dim(nν/nσ) = dim(n+ gν)
⊥ = dimAντ .
Since the spaceAντ is connected, this orbit is the whole space Aντ , i.e. Ad
∗(N0ν )
acts transitively on Aντ . Since the affine space Aντ is contractible, by Lemma 1
the isotropy group Nα ∩N0ν is connected, that is, it is equal to N
0
α (the identity
component of Nα ⊂ Nν). Similarly, the group Nfinν acts transitively on Aντ
and, consequently,
Nfinν /N
0
ν ≃ (N
fin
ν ∩Nα)/N
0
α.
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Also by Lemma 1,
pi1(N
0
ν ) ≃ pi1(N
0
α)
because pi1(Aντ ) = pi2(Aντ ) = 0. Thus
Aντ ≃ N
0
ν /N
0
σ = N
0
ν /N
0
νν and Aντ ≃ N
fin
ν /(Nσ ∩N
fin
ν ). (25)
Since the action of N0ν on Aντ is transitive and the isotropy group N
0
α = N
0
νν
is the same for all points α ∈ Aντ , the group N0νν is a normal subgroup of N
0
ν .
Consider now the isotropy group Gν . The algebra gν is its tangent Lie
algebra. For the element τ = σ|gν denote by Gντ the isotropy group of τ ∈ g∗ν
with respect to the natural co-adjoint action of Gν on g
∗
ν , which we denote by
Âd
∗
. Let Oτ (Gν) ⊂ g
∗
ν be the corresponding Âd
∗
-orbit of Gν passing through
the point τ (the union of disjoint coadjoint orbits in g∗ν). Then O
τ (Gν) ≃
Gν/Gντ . Taking into account that the Âd-action of Gν on gν is determined by
the Ad-action of G on g, we obtain that the natural projection
Πg2 : g
∗ → g∗ν , β 7→ β|gν , (26)
is a Gν -equivariant map with respect to the coadjoint actions Ad
∗ and Âd
∗
of
Gν . Hence
Oτ (Gν)
def
= {Âd
∗
g τ, g ∈ Gν} = Π
g
2(O
σ(Gν)) = {(Ad
∗
g σ)|gν , g ∈ Gν} (27)
and
Gντ = {g ∈ G : Ad
∗
g σ|n = σ|n = ν, Ad
∗
g σ|gν = σ|gν = τ}. (28)
Since by definition, Ad∗(Gν)(n+ gν)
⊥ = (n+ gν)
⊥, we have
Gντ = {g ∈ G : Ad
∗
g(Aντ ) = Aντ}. (29)
Therefore by (24) the group Gντ contains the identity component N
0
ν of Nν
and, moreover, the subgroup Nfinν ⊂ Nν . The Lie algebra gντ of Gντ contains
the Lie algebra nν . Remark also that by definition Gσ ⊂ Gντ and gσ ⊂ gντ .
Since N0ν ⊂ G
0
ντ ⊂ Gντ , the groups Ad
∗(G0ντ ) and Ad
∗(Gντ ) act transitively on
the affine space Aντ , that is
G0ντ/(Gσ ∩G
0
ντ ) ≃ Gντ/Gσ ≃ N
0
ν /N
0
σ ≃ Aντ (30)
and, consequently,
Gντ = N
0
ν ·Gσ = Gσ ·N
0
ν and gντ = nν + gσ. (31)
In particular,
dim gντ − dim gσ = dim nν − dim nσ. (32)
Moreover, applying Lemma 1 to the spaces in (30) we obtain that
Gσ ∩G
0
ντ = G
0
σ, pi1(G
0
ντ ) = pi1(G
0
σ) and Gντ/G
0
ντ ≃ Gσ/G
0
σ. (33)
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Also G0ντ = N
0
ν ·G
0
σ = G
0
σ ·N
0
ν . But the group Nν is a normal subgroup in Gν
and, consequently, the group N0ν is a normal subgroup in G
0
ντ ⊂ Gν . Similarly,
by the definition the group N0σ = N
0
νν is a normal subgroup of Gσ. Since this
group is also a normal subgroup in N0ν , by (31) the group N
0
νν is a normal
subgroup in Gντ .
The group N0ν ⊂ Gντ ′ is the same group for all τ
′ ∈ gν . The sum Aν =⋃
τ ′∈Aν |gν
Aντ ′ is the union of the orbits of the group N0ν , the parallel affine
subspaces of Aν with the associated vector space (n+ gν)⊥.
Remark that Oν(G) is a disjoint union of coadjoint orbits (isomorphic to
Oν(N) ≃ N/Nν) in the dual space n∗ and the group G acts transitively on the
set of these orbits. Moreover, by equation (23) the dimension of Aντ is equal to
the codimension of the coadjoint orbit Oν(N) ⊂ n∗ in the G-orbit Oν(G) ⊂ n∗.
The affine space Aντ as the orbit Oσ(N0ν ) ⊂ O
σ(G) is an isotropic submanifold
of the coadjoint orbit Oσ(G) (see relations (11) and Remark 5). We have proved
Proposition 6. The affine space Aντ (22) is an isotropic submanifold of the
coadjoint orbit Oσ(G) ⊂ g∗ containing the point σ and dimAντ = dimOν(G)−
dimOν(N). The Lie subgroups Ad∗(N0ν ), Ad
∗(Nfinν ), Ad
∗(G0ντ ) and Ad
∗(Gντ )
of Ad∗(G) preserve the affine subspace Aντ ⊂ g∗. The actions of these groups
on Aντ are transitive. Moreover, the orbits of the action of Ad
∗(N0ν ) on the
affine subspace Aν ⊂ g∗ are the parallel affine subspaces with the associated
vector space (n+ gν)
⊥. The group N0νν is a normal subgroup of the Lie groups
Gντ , N
0
ν and topologically N
0
ν /N
0
νν ≃ (n+ gν)
⊥.
Definition 7. The affine subspace Aντ = σ+ (n+ gν)⊥ contained in the coad-
joint orbit Oσ(G) ⊂ g∗ and denoted by A(σ, n), will be called the isotropic affine
subspace associated with the ideal n of g.
Remark 8. By relations (23), (25) and (31) for any σ ∈ g∗ the following con-
ditions are equivalent: 1) A(σ, n) = {σ}; 2) dimA(σ, n) = 0; 3) gν + n = g;
4) gσ = gντ ; 5) nν ⊂ gσ. Here, recall, ν = σ|n and τ = σ|gν .
Remark 9. If N is an affine algebraic Lie group, then its adjoint representation
N → GL(n), n 7→ Adn |n, is a F-morphism. In this case the affine algebraic
group Nν always has a finite number of connected (irreducible) components,
and consequently, Nfinν = Nν ⊂ Gντ . Then by (31) Gντ = Gσ · Nν and,
consequently, Gντ/Nν ≃ Gσ/Nσ. We obtain the exact sequence
e→ Nσ → Gσ → Gντ/Nν → e,
which generalizes Rawnsley’s exact sequence [1, Eq.(1)] in the case of semidirect
products.
Remark 10. The dual space n∗ is a Poisson manifold with the natural linear
Poisson structure and with the coadjoint orbits as the corresponding symplectic
leaves. Then the G-orbit Oν(G) as the union of such (isomorphic) leaves is a
Poisson submanifold of n∗. The Poisson structure on Oν(G) has constant rank
dimOν(N) and by Proposition 6 its corank equals dimAντ = dim(gν + n)⊥.
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2.3 Reduced-group orbits and index of a Lie algebra
We continue with the notation of the previous subsections. Here we consider
the orbit Oτ (Gν) ⊂ g∗ν in more details. We will show that this orbit is the union
of disjoint coadjoint orbits of some reduced Lie algebra.
Indeed, as we remarked above (see (27)), the set Oτ (Gν) consists of the
restrictions Ad∗g σ|gν , where g ∈ Gν . But by definition of the Lie group Gν we
have Ad∗g σ|n = ν for any g ∈ Gν , that is, all elements of the orbit vanish on the
ideal n♮ν of the Lie algebra gν (see (19)). Consider the quotient algebra bν =
gν/n
♮
ν. Since the connected subgroup of Gν corresponding to the subalgebra n
♮
ν
is not necessarily closed in Gν , we will describe the coadjoint orbits of bν in
terms of the Lie group Gν .
Let piν : gν → bν be the canonical homomorphism. The dual map piν
∗ :
b∗ν → g
∗
ν is a linear embedding and identifies the dual space b
∗
ν naturally with
the annihilator (n♮ν)
⊥ν ⊂ g∗ν of n
♮
ν in g
∗
ν . By Lemma 2 and by relation (27) the
set
Oτ = {(Ad∗g σ)|gν , g ∈ G
0
ν} ⊂ b
∗
ν ⊂ g
∗
ν (34)
is a coadjoint orbit in b∗ν = (n
♮
ν)
⊥ν passing through the element τ ∈ b∗ν ⊂ g
∗
ν .
In particular, Oτ (Gν) is the union of disjoint coadjoint orbits of the reduced
Lie algebra bν. This orbit Oτ (Gν) will be called a reduced-group orbit. Remark
here that this group and this orbit are the analog of Rawnsley’s the little-group
and the little-group orbit in the case of semidirect products (see [1])). Our
term ”reduced” is motivated by the reduction by stages procedure of Marsden-
Misio lek-Ortega-Perlmutter-Ratiu (see [10] and [11]), where the one-dimensional
central extension of the quotient group G0ν/N
0
ν (with the Lie algebra bν) is a
natural symmetry group for the second step of the reduction procedure (see also
Remark 20).
By (32) we can replace dim nν−dim nσ in the left hand side of identity (17) by
dim gντ − dim gσ. Therefore after simple rearrangements we obtain the identity
dim gσ = [dim n− dim(g/gν)] + dim(gντ/nν)
= [dim n− dim(g/gν)] + [dim(gντ/n
♮
ν)− dim(nν/n
♮
ν)],
(35)
where we recall that σ ∈ g∗ is an arbitrary element and ν = σ|n and τ = σ|gν .
Let µ ∈ n∗. Because µ|nµ = 0 (i.e. µ ∈ n
⊥
µ ) if and only if µ ∈ ad
∗
n µ, and
the function µ 7→ dim(Fµ + ad∗n µ) is lower semi-continuous on R(n
∗), the set
R♮(n∗) = {µ ∈ R(n∗) : dim(nµ/n♮µ) = 1} is a Zariski open subset of n
∗. Put
δ♮(n) = 1 if this set is not empty, and δ♮(n) = 0 otherwise.
Remark 11. If R♮(n∗) = ∅ then µ ∈ ad∗n µ for all µ ∈ R(n
∗) and, consequently,
the each coadjoint orbit of n consisting of n-regular elements with arbitrary its
element µ contains the set {zµ}, where z 6= 0 if F = C and z > 0 if F = R. This
follows from the fact that the coadjoint orbits in R(n∗) ⊂ n∗ are defined uniquely
by the integrable vector subbundle µ 7→ ad∗n µ, µ ∈ R(n
∗) (of constant corank
ind n) of the tangent bundle TR(n∗). It is clear that R♮(n∗) 6= ∅ (δ♮(n) = 1) if
the algebra n is semisimple and R♮(n∗) = ∅ (δ♮(n) = 0) if n is a Frobenius Lie
algebra, i.e. ind n = 0.
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Suppose that ν|nν 6= 0, i.e dim(nν/n♮ν) = 1. In this case the extension
bν = gν/n
♮
ν
0→ nν/n
♮
ν → gν/n
♮
ν → gν/nν → 0 (36)
is a one-dimensional central extension of the quotient algebra gν/nν. Let Bν be
the image of the set Aν ⊂ g
∗ under the restriction map
Πg2 : g
∗ → g∗ν , β 7→ β|gν . (37)
Put B0 = Π
g
2(n
⊥). It is easy to see that Bν ⊂ (n♮ν)
⊥ν , where (n♮ν)
⊥ν = b∗ν , and
B0 = (nν)
⊥ν . By dimension arguments, dimBν = dim(gν/nν), i.e. Bν is an
affine subspace of codimension one in b∗ν and therefore
Bν = {τ˜ ∈ (n
♮
ν)
⊥ν : τ˜ |nν = ν|nν} = τ + (nν)
⊥ν . (38)
Remark 12. The restriction Πg2|Aν of the linear map Π
g
2 is a bundle with the
total space Aν , the affine space Bν as its base and the space (gν + n)⊥ ⊂ g∗ as
its fibre.
By (8) and by Gν -equivariance of the map Π
g
2 the space Bν is Gν -invariant
and is the union of coadjoint orbits of the Lie algebra bν and gν simultaneously
(see expressions (27) and (34)). Moreover, the union of disjoint Gν -invariant
affine subspaces λBν = Bλν , λ 6= 0 of b∗ν is an open dense subset in b
∗
ν :
Πg2
( ⋃
λ∈F\{0}
λAν
)
=
⋃
λ∈F\{0}
λBν = b
∗
ν \ B0, dim b
∗
ν − dim(nν)
⊥ν = 1. (39)
Thus Bν and each of these affine spaces λBν contain coadjoint orbits of the Lie
algebra bν of maximal dimension (as usual for one-dimensional central exten-
sions). Now as an immediate consequence of identity (35) we obtain
Theorem 13. Let g be a Lie algebra over the field F and n be its non-zero ideal.
Let ν be an element of R♮(n∗) if R♮(n∗) 6= ∅ or an element of R(n∗) if R♮(n∗) = ∅
and such that Aν ∩R(g∗) 6= ∅. Then ind g = ind(g, n) + (ind bν − δ♮(n)), where
bν = gν/n
♮
ν and the ideal n
♮
ν = ker(ν|nν). For any σ ∈ g
∗ and τ ∈ g∗ν such that
σ|n = ν and σ|gν = τ the element σ is g-regular if and only if the element τ is
bν-regular.
Remark 14. If ν|nν 6= 0 then the one-dimensional algebra nν/n♮ν is a subalgebra
of the center of gν/n
♮
ν . Fix some element z ∈ nν such that ν(z) = 1 and a
splitting ker τ = sν∔n
♮
ν of the kernel of τ ∈ g
∗
ν . It is clear that gν = sν∔Fz∔n
♮
ν
and for arbitrary ξ, η ∈ gν the Fz-component of the commutator [ξ, η] is the
vector τ([ξ, η])z. In other words, the central extension (36) is determined by
the map gν × gν → F, (ξ, η) 7→ 〈τ, [ξ, η]〉 on gν which factorizes to the cocycle
γτ on gν/nν (by (19) [gν , nν] ⊂ n♮ν and by definition τ |nν = ν|nν). If ν|nν = 0
then the map (ξ, η) 7→ 〈τ, [ξ, η]〉 on gν factorizes to the trivial cocycle γτ on
the quotient algebra gν/nν . Note that the cocycle γτ coincides with the cocycle
constructed by Panasyuk in [13] using direct calculations and is independent of
the choice of the extension τ of the covector ν|nν [13, Lemma 2.1].
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The dual space of a Lie algebra is a Poisson manifold with the natural linear
Poisson structure induced by the commutator [·, ·]. The coadjoint orbits in this
space are the corresponding symplectic leaves of the Poisson structure. Since the
affine subspace Bν is the union of the G0ν-orbits in b
∗
ν (the symplectic leaves),
Bν is a Poisson submanifold of b
∗
ν . Fixing the origin τ ∈ Bν to identify Bν
with the dual space (gν/nν)
∗ = (nν)
⊥ν (see (38)), we fix some “affine” Poisson
structure ητ on (gν/nν)
∗. Remark that if the central extension (36) of the Lie
algebra gν/nν is trivial, this Poisson structure is equivalent to the natural linear
Poisson structure ηcan on the dual space to the Lie algebra gν/nν (there will be
a natural origin in Bν). If ν|nν = 0 then the (trivial) cocycle γτ determines the
trivial one-dimensional central extension of gν/nν and, consequently, the new
Poisson structure ητ ≃ ηcan on (gν/nν)∗.
Determine the index ind(gν/nν, ητ ) of the Poisson structure ητ on (gν/nν)
∗
as the codimension of the symplectic leaf of the maximal dimension in (gν/nν)
∗.
It is clear that ind(gν/nν, ητ ) = ind bν − 1 if ν|nν 6= 0 because codimBν
in bν equals 1 and the symplectic leaves are coadjoint orbits of bν . Also
ind(gν/nν , ητ ) = ind bν if ν|nν = 0 because in this case bν = gν/nν and
ητ ≃ ηcan. We obtain the following assertion of Panasyuk [13, Th. 2.7]:
Corollary 15 (Panasyuk’s formula). Let g be a Lie algebra and n be its ideal.
Then
ind g = ind(g, n) + ind(gν/nν , ητ ),
where ν ∈ n∗ is a generic element.
Remark that Theorem 13 defines more precisely the notion of the set of
“generic elements”. This set is defined in [13] indirectly as an open dense subset
in n∗ on which the function ν 7→ ind(gν/nν , ηγ) is constant.
Assume that the ideal n is Abelian and there exists a complementary to n
subalgebra k ⊂ g, i.e. g = k∔ n. Then the Lie algebra g is a semi-direct product
of k and the Abelian ideal n. It is evident that nν = n for any non-zero ν ∈ n∗
and since nν ⊂ gν , the isotropy subalgebra gν = kν ∔ n, where kν = k ∩ gν .
But by (19) [kν , n
♮
ν ] ⊂ n
♮
ν , where n
♮
ν = ker ν and, consequently, the algebra
bν = gν/n
♮
ν = (kν+n
♮
ν)/n
♮
ν∔nν/n
♮
ν is a trivial one-dimensional central extension
of kν ≃ gν/nν. Therefore ind kν = ind bν − 1. Note that ind(g, n) = ind(k, n)
because n is Abelian. Since an element ν ∈ n∗ is g-regular if and only if this
element is k-regular, we obtain the following assertion of Ra¨ıs [6]:
Corollary 16 (Ra¨ıs’ formula). Let the Lie algebra g be a semi-direct product of
k and the Abelian ideal n. Let ν ∈ n∗ be a k-regular element for which there exists
a g-regular element σ ∈ g∗ such that σ|n = ν. Then ind g = ind(k, n) + ind kν .
2.4 The bundle of reduced-group orbits
We retain to the general case when n is an arbitrary ideal of g and σ is an
arbitrary element of g∗. Any element σˆ ∈ g∗ determines a pair (νˆ, τˆ), where
νˆ = σˆ|n and τˆ = σˆ|gνˆ . Such a pair is denoted by Π
g
12(σˆ). By the definition,
Πg12(σˆ1) = Π
g
12(σˆ2) if and only if σˆ1, σˆ2 ∈ Aνˆτˆ for some νˆ ∈ n
∗ and τˆ ∈ g∗νˆ . In
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this case the elements σˆ1, σˆ2 belong to the same Ad
∗(G)-orbit O in g∗ because
the set Aνˆτˆ is an orbit of the Lie subgroup N0νˆ ⊂ G. Therefore the Ad
∗-action
of G on the coadjoint orbit O induces the action of G on the set Πg12(O). We
will show that on the set Πg12(O) there exists a structure of a smooth manifold
such that the map Πg12|O is a G-equivariant submersion. Remark also that for
arbitrary τˆ0 ∈ g∗νˆ there exists some σˆ0 ∈ g
∗ such that Πg12(σˆ0) = (νˆ, τˆ0) iff
τˆ0|nνˆ = νˆ|nνˆ . In this case such an element τˆ0 ∈ g∗νˆ is called a g
∗
νˆ-extension of
νˆ ∈ n∗.
Let B be the G-orbit in n∗ with respect to the action ρ∗. Now we construct
a bundle of redused-group orbits over the orbit B. This bundle is the bundle
p : P → B such that the fibre FP (νˆ) = p−1(νˆ) is an orbit of Gνˆ in g∗νˆ passing
through some g∗νˆ-extension of νˆ ∈ n
∗ and if g belongs to G and τˆ to FP (νˆ)
then g.τˆ ∈ FP (g · νˆ) (a right action) is defined by 〈g.τˆ , ξ
′〉 = 〈τˆ ,Adg ξ
′〉, where
ξ′ ∈ gg·νˆ . It follows that G acts transitively on P . We prove below that this
bundle and this action are smooth.
The bundle of reduced-group orbits may be described in another way. Con-
sider the (smooth) bundle Pντ = G×Gν (Gν/Gντ ), the bundle associated to the
principal bundle with base G/Gν , total space G and fibre (Gν/Gντ ). Here ν
denotes some element of the orbit B and τ ∈ FP (ν). Then FP (ν) ≃ Gν/Gντ .
The elements of Pντ are orbits of Gν (on G × (Gν/Gντ )), where the action
on the right is given by (g, [h]).h′ = (gh′, [h′
−1
h]) with g ∈ G, h, h′ ∈ Gν
([h] = hGντ ∈ Gν/Gντ ). The element (g, [h]).Gν of Pντ , is identified with the
point (gh)−1.τ in FP ((gh)
−1 · ν). Defining p by p((g, [h]).Gν) = (gh)
−1 · ν and
the right action of G on P by g′.(g, [h]).Gν = (g
′−1g, [h]).Gν makes p : P → B a
smooth bundle of reduced-group orbits over B = Oν(G). The following propo-
sition generalizes Proposition 1 from [1].
Proposition 17. There is a bijection between the set of bundles of reduced-
group orbits and the set of coadjoint orbits of G on g∗.
Proof. Let p : P → B be a bundle of reduced-group orbits, take ν ∈ B, τ ∈
FP (ν) and choose some extension σ ∈ g∗ with σ|n = ν ∈ n∗ and σ|gν = τ ∈ g∗ν .
If Oσ is the Ad∗(G)-orbit through σ in g∗ then it depends only on p : P → B
but not of the choices made because all extensions of (ν, τ) are elements of this
orbit (see (30)).
Conversely, let O be an Ad∗(G)-orbit in g∗ and σ a point of O with σ|n = ν
and σ|gν = τ . Construct the bundle of reduced-group over B, the orbit of ν
in n∗, with fibre FP (ν), the Gν-orbit of τ ∈ g∗ν in g
∗
ν . This gives a bundle
depending only on O and not of the choices made. These two constructions are
the inverses of each other and set up the required bijection.
If we have an orbit Oσ = Oσ(G) in g∗ and the associated bundle p : P → B,
then the following diagram (on the left) of G-equivariant maps is commutative.
Recall that, by the definition, Πg12(σˆ) = (σˆ|n, σˆ|gν) = (νˆ, τˆ ) and Π
g
1(σˆ) = σˆ|n.
Oσ
Πg
12
↓ ց Πg
1
P
p
−→ B
G×Gν (Gν/Gσ)
Πg
12
↓ ցΠg
1
G×Gν (Gν/Gντ )
p
−→ G/Gν
(40)
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As we remarked above, the fibres of Πg12 are affine subspaces of g
∗ whose asso-
ciated vector space is (n + gνˆ)
⊥ (in general there will be no natural origin in
Πg12
−1
(νˆ, τˆ ) = Aνˆτˆ ). Thus the fibres of Π
g
12 are the orbits on O
σ of the groups
conjugated to Gνˆτˆ .
The map Πg12 : O
σ(G) → P is smooth because the map Πg1 : O
σ(G) → B is
a submersion and the left diagram is commutative. This fact can be established
also by identifying G-equivariantly the bundle P with Pντ = G×Gν (Gν/Gντ ).
But by the definition, Oσ ≃ G/Gσ and B ≃ G/Gν . Consider the space G×Gν
(Gν/Gσ), where the action on the right is given by (g, hGσ).h
′ = (gh′, h′−1hGσ)
with g in G, h, h′ in Gν . The standard map
G×Gν (Gν/Gσ)→ G/Gσ, [(g, hGσ)]Gν 7→ ghGσ
is a G-equivariant diffeomorphism with respect to the natural left actions of G.
Therefore, using this identification, we obtain the following expressions for the
G-equivariant maps p,Πg1 ,Π
g
12: p([(g, hGντ )]Gν ) = ghGν ,
Πg1([(g, hGσ)]Gν ) = ghGν , and Π
g
12([(g, hGσ)]Gν ) = [(g, hGντ )]Gν .
It is clear that the diagram above (on the right) is also commutative and these
two diagrams are equivalent. Remark also that by Proposition 6 the fibre Aντ
is an isotropic submanifold of the coadjoint orbit Oσ(G). We have proved
Theorem 18. The map Πg12 : O
σ(G) → P is a G-equivariant submersion of
the coadjoint orbit Oσ onto the bundle P of reduced-group orbits. This map
is a bundle with the total space Oσ, the base P and the affine space Aντ (the
isotropic submanifold of Oσ(G)) as its fibre. The commutative diagrams (40)
are equivalent.
2.5 Isotropic affine subspaces of coadjoint orbits
As follows from Proposition 6 each coadjoint orbit O of the Lie algebra g con-
tains the isotropic affine subspace associated with its ideal n. We will show
below that if this affine subspace is trivial then any isotropic affine subspace of
the corresponding coadjoint orbit in b∗ν ⊂ g
∗
ν determines some isotropic affine
subspace of O.
Let Oσ = Oσ(G), where σ ∈ g∗, be a coadjoint orbit in g∗. Consider also
the coadjoint orbit Oτ in g∗ν (34) passing through the element τ ∈ g
∗
ν , where
τ = σ|gν . To simplify the notation, this orbit Oτ = Oτ (G0ν) of the connected
Lie group G0ν will be considered as an orbit of the (closed) Lie subgroup G
•
ν =
G0ν · Gντ of Gν , containing the whole isotropy subgroup Gντ . The σ-orbit
Oσ(G•ν) ⊂ O
σ(Gν) in g
∗ is also connected because, by (31), G•ν = G
0
ν · Gσ.
Recall that Πg2 denotes the naturalGν -equivariant projection g
∗ → g∗ν , β 7→ β|gν
defined by (37).
Proposition 19. Let σ ∈ g∗ be an arbitrary element and ν = σ|n, τ = σ|gν .
The restriction p2 = Π
g
2|O
σ(G•ν) of the projection Π
g
2 is a G
•
ν-equivariant sub-
mersion of the orbit Oσ(G•ν) onto the coadjoint orbit O
τ in g∗ν . This map
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p2 : Oσ(G•ν) → O
τ is a bundle with the total space Oσ(G•ν), the coadjoint or-
bit Oτ as its base and the affine space Aντ ≃ Gντ/Gσ as its fibre. Moreover,
p∗2(ω
′) = ω|Oσ(G•ν), where ω
′ and ω are the canonical Kirillov-Kostant-Souriau
symplectic 2-forms on the coadjoint orbits Oτ ⊂ g∗ν and O
σ(G) ⊂ g∗ respec-
tively.
Proof. To prove the first part of the proposition it is sufficient to remark that
Oσ(G•ν) ≃ G
•
ν/Gσ, O
τ = Oτ (G•ν) ≃ G
•
ν/Gντ , Aντ ≃ Gντ/Gσ
and G•ν/Gσ = G
•
ν ×Gντ (Gντ/Gσ) with the standard right action of Gντ .
By G•ν-equivariance of the map p2, we have p2∗(σ)(ad
∗
ξ σ) = âd
∗
ξτ for ξ, η ∈
gν . Then, by the definition, of the form ω
′,
(p∗2ω
′)(σ)(ad∗ξ σ, ad
∗
η σ) = ω
′(τ)(âd
∗
ξτ, âd
∗
ητ) = τ([ξ, η]) = σ([ξ, η]).
Taking into account the expression (10) for ω at the point σ and G•ν -invariance
of the forms ω and ω′, we complete the proof.
Remark 20. The proposition above admits the following moment map interpre-
tation which is motivated by Panasyuk’s approach [13]. Indeed, the identity
map JG : Oσ(G) → g∗, σˆ 7→ σˆ is an equivariant moment map for Ad
∗-action
of G on Oσ(G). Since n is a subalgebra of g, the map JN = Π
g
1 ◦ JG of O
σ(G)
into n∗, σˆ 7→ σˆ|n is an equivariant moment map for the restricted action of
N ⊂ G on Oσ(G). Then by (6) the set J−1N (ν) = Aν ∩ O
σ(G) = Oσ(Gν) is a
submanifold of Oσ(G). If Nfinν = Nν , then by Proposition 6 the quotient space
J−1N (ν)/Nν ≃ Π
g
2(O
σ(Gν)) is a reduced symplectic manifold. This manifold
is the orbit Oτ (Gν) ⊂ b∗ν ⊂ g
∗
ν , a union of disjoint coadjoint orbits (connected
components) in the reduced Lie algebra b∗ν . The reduced symplectic structure on
Oτ (Gν) coincides with the canonical Kirillov-Kostant-Souriau symplectic form
on each connected component of Oτ (Gν).
Proposition 21. We retain the notation of Proposition 19. Suppose that the
coadjoint orbit Oτ ⊂ g∗ν contains the isotropic affine subspace I(τ) passing
through the point τ . If dimAντ = 0, then the projection p2 : Oσ(G0ν) → O
τ is
a bijection and the preimage I(σ) = p−12 (I(τ)), I(σ) ⊂ O
σ(G0ν) ⊂ Aν , is an
isotropic affine subspace of the coadjoint orbit Oσ(G) passing through σ ∈ g∗.
Proof. It is an immediate consequence of Proposition 19 that the map p2 is a
bijection and I(σ) = p−12 (I(τ) is an isotropic submanifold of the coadjoint orbit
Oσ(G). Let us show that the set I(σ) is an affine subspace of g∗.
Since I(τ) is an affine subspace of g∗ν , this space contains any line τ +
tα, where α ∈ g∗ν is a non-zero tangent vector to I(τ) at τ . There exists a
unique tangent vector α′ ∈ TσOσ(G0ν) such that p2∗(σ)(α
′) = α because p2 is
a bijection. Moreover, α′ ∈ n⊥ because Oσ(G0ν) ⊂ Aν and α = Π
g
2(α
′) because
p2 is a restriction of the linear map Π
g
2 (26).
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Since I(τ) ⊂ Oτ , for any t ∈ F there exists g ∈ G0ν such that τ + tα = Âd
∗
gτ .
Now to complete the proof it is sufficient to show that the point σ′ = Ad∗g−1σ+
tAd∗g−1α
′ coincides with σ. Indeed, by Gν -equivariance of the linear map Π
g
2
Πg2(σ
′) = Πg2(Ad
∗
g−1σ + tAd
∗
g−1α
′) = Âd
∗
g−1τ + tÂd
∗
g−1α = τ.
But σ′ ∈ Aν because Ad
∗(Gν)(Aν) = Aν and σ + tα′ ∈ Aν . Therefore σ′
belongs to the one-point set Aντ = {σ}.
Proposition 22. We retain the notation of Proposition 19. Suppose that
dimAντ = 0 and the quotient algebra bν = gν/n♮ν , n
♮
ν = ker(ν|nν) is Abelian.
Then
1) Oσ(G) = Oσ(N) and Oν(G) = Oν(N), where Oσ(G) and Oν(N) are the
coadjoint orbits of the Lie algebras g and n respectively;
2) the projection p1 : Oσ(G) → Oν(N), σ′ 7→ σ′|n, is a symplectic G-
equivariant covering map with the discrete fiber ≃ Nν/Nσ and gσ = gν ,
nσ = nν ;
3) if Nν = N
fin
ν , then p1 is a diffeomorphism, and, in particular, Gν = Gσ,
Nν = Nσ.
Proof. Since N is a normal subgroup of G, the G-orbit Oν(G) is a disjoint union
of isomorphic N -orbits. These N -orbits are open subsets because dimOν(G)−
dimOν(N) = dimAντ = 0. Then Oν(G) = Oν(N) because G is connected.
By Proposition 19 dimOσ(Gν) = dimOτ (Gν) because Aντ = {σ}. Since
each connected component of Oτ (Gν) is a coadjoint orbit of the Lie algebra
bν which is Abelian, dimOτ (Gν) = 0. Thus by Lemma 4 the G-equivariant
map p1 : Oσ(G) → Oν(G) is a bundle with the discrete fibre Oσ(Gν). Taking
into account the identity Oν(G) = Oν(N) and the N -equivariance of the local
diffeomorphism p1 we obtain that TσOσ(G) = TσOσ(N), i.e. the orbit Oσ(N)
is an open subset of Oσ(G). Using the same arguments as above, we obtain
that Oσ(G) = Oσ(N). Since Oσ(G) ≃ N/Nσ and Oν(G) ≃ N/Nν, the fiber
Oσ(Gν) ≃ Nν/Nσ. Since dimOσ(G) = dimOν(G), dim gσ = dim gν . Thus
gσ = gν because gσ ⊂ gν .
The local diffeomorphism p1 is symplectic with respect to the canonical sym-
plectic structures on the both coadjoint orbits. To prove this fact it is sufficient
to observe that TσOσ(G) = ad
∗
n σ, p1∗(σ)(ad
∗
ξ σ) = a˜d
∗
ξν and σ([ξ, η]) = ν([ξ, η])
for any ξ, η ∈ n (by N -equivariance of p1), and to use definition (10) of the
canonical symplectic form.
If Nν = N
fin
ν , then by Proposition 6 the group Ad
∗(Nν) preserves the one-
point setAντ = {σ} and, consequently, Nν = Nσ. Hence p1 is a diffeomorphism.
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2.6 Coadjoint orbits in general position
In the previous subsection we considered arbitrary coadjoint orbits of g. Now
we consider the structure of the orbits in general position. To this end put
co(g, n) = ind n− ind(g, n). (41)
Taking into account that dimOν(G)−dimOν(N) = codimn∗ Oν(N)−codimn∗ Oν(G)
for any ν ∈ n∗, we can interpret the number co(g, n) as a “complexity” of the
action of N ⊂ G on homogeneous spaces of G in general position. Then by (23)
co(g, n) = dim(n+ gν)
⊥ = dimA(σ, n) (42)
for all ν from some dense subset of n∗ containing the non-empty Zariski open
set of all g-regular and n-regular points of n∗. Here σ ∈ Aν = (Π
g
1)
−1(ν) and
A(σ, n) = σ+dim(n+gν)
⊥ is the isotropic affine subspace of the coadjoint orbit
Oσ ⊂ g∗.
The case when co(g, n) = 0 we consider in more detail.
Lemma 23. Suppose that co(g, n) = 0. Let ν ∈ n∗ be any n-regular point. Then
1) ν ∈ n∗ is a g-regular point;
2) Oν(G) = Oν(N) or, equivalently, gν + n = g;
3) if Aν ∩R(g∗) 6= ∅ and the quotient algebra bν = gν/n♮ν is Abelian then for
each n-regular point ν1 ∈ n∗ (i) the algebra bν1 = gν1/n
♮
ν1 is Abelian; (ii)
Aν1 ⊂ R(g
∗); (iii) gσ1 = gν1 , where σ1 ∈ Aν1 ; (iv) the Lie algebra gν1 is
Abelian; (v) there exists an Abelian Lie algebra a ⊂ gν1 such that the Lie
algebra g is a semidirect product of a and the ideal n, i.e. g = a⋉ n.
Proof. Since co(g, n) = 0, dimOν0 (G) = dimOν0 (N) for some point ν0 ∈ R(n∗)
which is g-regular. Hence gν0 + n = g. But for each ν1 ∈ R(n
∗) the isotropy
algebra nν1 = gν1 ∩ n has constant dimension ind n and dim gν1 > dim gν0 .
Therefore gν1 + n = g, i.e. dim gν1 = dim gν0 . In particular, gν + n = g.
If the quotient algebra bν = gν/n
♮
ν is Abelian then the coadjoint orbit O
τ is
a one-point set {τ}, i.e. gντ = gν . Since Aν ∩R(g
∗) 6= ∅, there exists a g-regular
element σ ∈ g∗ such that its restriction σ|n = ν. But by Remark 8, gντ = gσ
and gν1τ1 = gσ1 , where σ1 ∈ Aν1 and τ1 = σ1|gν1 . Hence
dim gσ1 = dim gν1τ1 6 dim gν1 = dim gν = dim gντ = dim gσ = ind g
because gν1τ1 ⊂ gν1 . But by definition dim gσ1 > ind g. Therefore gσ1 = gν1 and
Aν1 ⊂ R(g
∗) (all these points are g-regular). The Lie algebra gσ1 is Abelian
as an isotropy algebra of a g-regular element of the coadjoint representation
(one can prove this fact differentiating the identity 〈σt, [gσt , gσt ]〉 = 0 using
definition (2) of gσt). Hence the algebra gν1 = gσ1 is Abelian. Since gν1 +n = g,
there exists a subspace a ⊂ gν1 for which g = a∔n. This subspace is an Abelian
subalgebra of g.
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2.7 Integral orbits: a necessary but non sufficient condi-
tion
In this subsection we will use the notation of the previous subsections, but
suppose in addition that the ground field F is the field R of real numbers.
First of all we will give an exposition of some results of Kostant [18, §§5.6,
5.7, Theorem 5.7.1] on the geometry of coadjoint orbits.
Let H be a connected Lie group with the Lie algebra h. Fix some covector
ϕ ∈ h∗ and consider the coadjoint orbit Oϕ = Oϕ(H) ≃ H/Hϕ in h∗. We will
say that the coadjoint orbit Oϕ in the dual space h∗ is integral if its canonical
symplectic form is integral, i.e. this form determines an integral cohomology
class in H2(Oϕ,Z) ⊂ H2(Oϕ,R).
Denote by H♯ϕ the set (possibly empty) of all characters χ : Hϕ → S
1 ⊂ C
such that dχ(e) = 2pii · ϕ|hϕ, where hϕ is the Lie algebra of the isotropy group
Hϕ. For such a character χ ∈ H♯ϕ,
χ(exp ξ) = exp(2pi i · 〈ϕ, ξ〉) for all ξ ∈ hϕ. (43)
Since the identity component H0ϕ of Hϕ is generated by its neighborhood of the
unity, the restriction χ|H0ϕ is defined uniquely by equation (43). Therefore if
H♯ϕ is not empty H
♯
ϕ is a pi
∗
Hϕ/H0ϕ
-principal homogeneous space, where pi∗Hϕ/H0ϕ
is the group of S1-valued characters of the quotient group Hϕ/H
0
ϕ. In this case
|H♯ϕ| = |pi
∗
Hϕ/H0ϕ
| [18].
Let H˜ be the connected simply connected Lie group with the Lie algebra
h, the universal covering group of the connected Lie group H and p˜ : H˜ → H
be the corresponding covering homomorphism. Then Oϕ = H˜/H˜ϕ, where H˜ϕ
is the isotropy group of the element ϕ ∈ h∗. By definition H˜ϕ = p˜−1(Hϕ) and
Hϕ ≃ H˜ϕ/D, where D is the kernel of the restricted homomorphism p˜|H˜ϕ. The
following Kostant’s theorem [18, Theorem 5.7.1] is crucial for the forthcoming
considerations.
Theorem 24 (B.Kostant). The orbit Oϕ in h∗ is integral if and only if the
character set H˜♯ϕ is not empty.
Remark that one can not formulate the integrality condition for the orbit
Oϕ only in terms of the connected Lie group Hϕ (defining this orbit) because
as it will be shown below (see Example 25) in the general case the characters
χ ∈ H˜♯ϕ are not constant on the closed discrete subgroup D of the center of H˜ϕ.
In other words, it is possible that H♯ϕ = ∅ while H˜
♯
ϕ 6= ∅.
Example 25. Consider the connected Lie group H = SO(3) and its universal
covering group H˜ = SU(2) with the Lie algebra h = su(2). Using the invariant
scalar product 〈ϕ1, ϕ2〉 = −
1
2 Trϕ1ϕ2 on h we can identify the spaces h and h
∗.
It is evident that for ϕ = diag(ib,−ib) ∈ su(2) with b ∈ R the isotropy group
H˜ϕ = {diag(eia, e−ia), a ∈ R} and the isotropy algebra hϕ = {diag(ia,−ia), a ∈
R}. In particular, H˜ϕ contains the element −E = diag(−1,−1) ∈ SU(2) of
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the kernel of the covering homomorphism p˜ : SU(2) → SO(3). Under our
identification of h with h∗ the map (43) χ˜ : exp(hϕ) → S1, diag(eia, e−ia) 7→
e2πiab, is well defined if and only if 2pib ∈ Z. Since the group H˜ϕ is connected,
by Theorem 24, the orbit Oϕ is integral if and only if the number 2pib is integer.
For such a covector ϕ the set H˜♯ϕ contains a unique element, the character χ˜.
But if the number 2pib is odd then χ˜(−E) = −1. For such a covector ϕ the set
H♯ϕ is empty while H˜
♯
ϕ 6= ∅. Indeed, in the opposite case for χ ∈ H
♯
ϕ we have
by definition that χ ◦ p˜ ∈ H˜♯ϕ. Therefore χ ◦ p˜ = χ˜. But (χ ◦ p˜)(−E) = 1 while
χ˜(−E) = −1, the contradiction.
The character χ|H0ϕ, χ ∈ H
♯
ϕ on H
0
ϕ admits another interpretation in terms
of differential forms. Choose a contractible neighborhood U ⊂ H0ϕ of the unity
for which all intersections U ∩hU , h ∈ H0ϕ are also (smoothly) contractible (one
uses, for instance, a convex set relative to any invariant Riemannian structure on
H0ϕ). The left H
0
ϕ-invariant one-form θϕ with θϕ(e) = ϕ|hϕ on the Lie group H
0
ϕ
is closed because, by the definition (2) of an isotropy algebra, ϕ([hϕ, hϕ]) = 0.
Therefore a character on H0ϕ determined by (43) exists if and only if the one-
form θϕ is integral, i.e. θϕ ∈ H1(H0ϕ,Z). In this case there exists a family of
local functions {fh : hU → R, h ∈ H0ϕ} such that dfh = θϕ on the open subset
hU and fh1 − fh2 ∈ Z if h1U ∩ h2U 6= ∅, h1, h2 ∈ H
0
ϕ. By H
0
ϕ-invariance of
the form θϕ the family {fh} determines the character on H0ϕ if fe(e) = 0. Then
χ|hU = exp(2piifh) and
fh −
(
l∗h−1fe + (1/2pii) lnχ(h)
)
∈ Z on hU, where lh−1(h
′) = h−1h′. (44)
In this case we will say that the character χ|H0ϕ is associated with the (integer)
form θϕ.
Proposition 26. Let σ be an arbitrary element of g∗, ν = σ|n and τ = σ|gν .
There is a bijection between the sets G♯ντ and G
♯
σ, where G
♯
ντ denotes the set of
all characters χ : Gντ → S1 ⊂ C such that dχ(e) = 2pii · τ |gν . This bijection is
induced by the restriction map χ 7→ χ|Gσ.
Proof. Note that τ = σ|gν and Gσ ⊂ Gντ . But gσ ⊂ gντ , thus τ |gσ = σ|gσ and
by the definition for any χ ∈ G♯ντ we have χ|Gσ ∈ G
♯
σ. Therefore, in order to
prove the proposition it is sufficient to show that each character ψ ∈ G♯σ admits
an extension to some character χ ∈ G♯ντ . This extension is unique because
by (33) the groups Gντ/G
0
ντ and Gσ/G
0
σ are isomorphic and, in particular,
pi∗Gντ/G0ντ
≃ pi∗Gσ/G0σ
.
Consider now a character ψ ∈ G♯σ. Since G
0
σ is a closed subgroup of G
0
ντ ,
we can choose a contractible neighborhood U ⊂ G0ντ of the unity such that all
intersections U ∩hU , h ∈ G0σ, are also contractible and, in addition, U ∩hU 6= ∅
if and only if U ∩ hU ∩G0σ 6= ∅ (there exists a local cross section S ⊂ G
0
ντ such
that the map (s, g) 7→ sg, S × G0σ → SG
0
σ ⊂ G
0
ντ is a diffeomorphism). Let
θτ be a G
0
ντ -invariant one-form on the Lie group G
0
ντ such that θτ (e) = τ |gντ .
Since the form θτ is closed, there exists a function fe : U → R such that
dfe = θτ |U , fe(e) = 0. Put fh = l∗h−1fe + (1/2pii) lnψ(h) for all h ∈ G
0
σ \ {e}.
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Then dfh = θτ |hU because the one-form θτ is G0σ-invariant. Thus the difference
fh1 − fh2 on the set h1U ∩ h2U 6= ∅ is a real constant.
On the other hand, the co-vector σ|gσ determines the left G0σ-invariant one-
form θσ on the group G
0
σ. By the definition, θσ coincides with the restriction
θτ |G
0
σ and ψ|G
0
σ is the character associated with this form θσ ∈ H
1(G0σ,Z).
Therefore from (44) it follows that the difference fh1−fh2 is an integer constant
on some nonempty subset h1U ∩ h2U ∩ G0σ and, consequently, on the whole
open set h1U ∩ h2U . In other words, the function χe : G0σ · U → S
1 given by
χe|hU = exp(2piifh) is a well defined extension of the function ψ|G0σ onto the
open set G0σ · U ⊃ G
0
σ.
Put U = G0σ · U . Considering the family of functions {l
∗
g−1fh} (for which
d(l∗g−1fh) = θτ |ghU), we obtain that l
∗
g−1χe = sχe on gU ∩ U 6= ∅, where s
is some constant factor from S1. But by (30) and (33) the space G0ντ/G
0
σ ≃
Aντ is contactable. Therefore there exists a character χ0 on G0ντ which is an
extension of ψ|G0σ and which is associated with the one-form θτ . Moreover,
χ0(g˜gg˜−1) = χ0(g) for any (fixed) g˜ ∈ Gντ and for all g ∈ G0ντ . Indeed, putting
F (g) = χ0(g˜gg˜−1) and ag˜ : g 7→ g˜gg˜−1 on G0ντ , we obtain that
1
2pii
·
dF
F
=
1
2pii
· a∗g˜
(
dχ0
χ0
)
= a∗g˜θτ = θτ =
1
2pii
·
(
dχ0
χ0
)
because by (28) 〈τ,Adg˜ ξ〉 = 〈σ,Adg˜ ξ〉 = 〈τ, ξ〉 for all ξ ∈ gντ ⊂ gν . Since
F (e) = χ0(e), we have F = χ0.
Taking into account that Gντ = Gσ · G0ντ , G
0
ντ ∩ Gσ = G
0
σ (see (31)) and
ψ = χ0|G0σ we obtain that the map χ : Gντ → S
1, χ(hg) = ψ(h)χ0(g), where
h ∈ Gσ and g ∈ G0ντ , is well defined. This map determines a character on Gντ
because χ0(hgh−1) = χ0(g) for all h ∈ Gσ ⊂ Gντ and g ∈ G0ντ . Finally, χ
belongs to the set G♯ντ because χ|G
0
ντ = χ
0.
Remark that Proposition 26 generalizes Rawnley’s Proposition 2 from [1].
Proposition 27. Let σ ∈ g∗ and ν = σ|n. An integrality of the coadjoint
orbit Oτ ⊂ g∗ν is a necessary condition for an integrality of the coadjoint orbit
Oσ ⊂ g∗. In general, this condition is not sufficient for an integrality of Oσ.
Proof. If the form ω on Oσ = Oσ(G) is integral, then its restriction ω|Oσ(G•ν) to
the submanifold Oσ(G•ν) ⊂ O
σ(G) is also integral. Since by Proposition 19 the
map p2 : Oσ(G•ν)→ O
τ is a locally trivial fibering with a contractible fibre, the
affine space Aντ , the map p∗2 : Λ
2(Oτ ) → Λ2(Oσ(G∗ν)) induces an isomorphism
H2(Oτ ,Z)→ H2(Oσ(G•ν),Z). Since by Proposition 19 p
∗
2(ω
′) = ω|Oσ(G•ν), the
canonical symplectic form ω′ on Oτ is integral and we obtain the first assertion
of the proposition.
Remark also that the first assertion of the proposition follows also from
Proposition 26. Indeed, we can assume without restricting the generality that
G is a connected and simply connected Lie group with the Lie algebra g. By
Theorem 24, the character set G♯σ is not empty. By Proposition 26, G
♯
ντ 6= ∅.
Let G˜0ν be the universal covering group of the connected group G
0
ν (with the
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Lie algebra gν). By Theorem 24 the coadjoint orbit Oτ is integral if and only
if (G˜0ν)
♯
τ 6= ∅. However, the covering homomorphism G˜
0
ν → G
0
ν induces the
homomorphism (G˜0ν)τ → (G
0
ν)τ and, consequently, (G˜
0
ν)
♯
τ 6= ∅ if (G
0
ν)
♯
τ 6= ∅.
Therefore (G˜0ν)
♯
τ 6= ∅, because G
♯
ντ 6= ∅ and (G
0
ν)τ is an open subgroup of Gντ .
The second assertion of the proposition will be proven in the next subsection
showing that the converse is not necessarily true. More precisely, we will con-
struct the Lie algebra g which is a semi-direct product of some Lie subalgebra
k ⊂ g and the Abelian ideal n and choose two coadjoint orbits Oτ ⊂ g∗ν and
Oσ ⊂ g∗ which are not integral simultaneously while τ = σ|gν .
Remark 28. All connected components of the reduced-group orbit Oτ (Gν) are
coadjoint orbits of the Lie algebras gν and bν (under the identification of b
∗
ν
with (n♮ν)
⊥ν ⊂ g∗ν , see (34) and Lemma 2). These orbits are simultaneously
either integral or non-integral.
2.8 Split extensions using Abelian algebras (semidirect
products)
In this subsection we will finish the proof of Proposition 27. To this end we
construct a connected and simply connected Lie group G and construct some
coadjoint orbit Oσ(G) in g∗ such that the set (G0ν)
♯
τ is empty while the coadjoint
orbit Oτ = Oτ (G0ν) is integral. Then by Proposition 26 the set (Gσ)
♯ is also
empty, i.e. the orbit Oσ(G) is not integral.
Let K be a connected and simply connected Lie group with the Lie algebra
k, and for k in K and f in the dual k∗ of k, let Ad∗k f denote the coadjoint action
of k on f . If δ is a representation of K on a real, finite-dimensional space V , let
dδ be the corresponding tangent representation of k.
We can form the semi-direct product G = K ⋉δ V using the representation
δ and identifying V with its group of translations. Then the Lie group G can
be taken as K × V with multiplication (k1, v1)(k2, v2) = (k1k2, v1 + k1 · v2) for
kj ∈ K, vj ∈ V and the algebra g = k ⋉dδ V of G can be taken as k ∔ V with
the Lie bracket
[(ζ1, y1), (ζ2, y2)] = ([ζ1, ζ2], ζ1 · y2 − ζ2 · y1)
for ζj in k and yj in V . Here kj · vj = δ(kj)(vj) and ζj · yj = dδ(ζj)(yj). Since
(k, v)−1 = (k−1,−k−1 · v), the adjoint action of G on g is given by
Ad(k,v)(ζ, y) = (Adk ζ, k · y − (Adk ζ) · v). (45)
The dual g∗ of g can be identified with k∗ × V ∗ and the coadjoint action of G
on g∗ is given by
〈Ad∗(k,v)(f
′, ν′), (ζ, y)〉 = 〈Ad∗k f
′, ζ〉 − 〈ν′, (Adk ζ) · v〉+ 〈k
∗ · ν′, y〉, (46)
where f ′ is in k∗ and ν′ in V ∗; also, by the definition, 〈k∗ ·ν′, y〉 = 〈ν′, k ·y〉. Note
that all above formulas for semidirect products are standard up to notation (see
for example, [1, §2] or [2, §2]).
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The subgroup N = {(e, v) ∈ G, v ∈ V } is a normal commutative subgroup
of G with the Lie algebra n = {(0, y), y ∈ V }. The Ad-action (45) of G on n
induces the action of G on n∗: (k, v) · ν = k∗ · ν. Therefore for ν ∈ n∗ = V ∗
Gν = {(k, v) ∈ K ⋉δ V, k
∗ · ν = ν} and gν = {(ζ, y) ∈ k⋉dδ V, ζ
∗ · ν = 0},
that is Gν = Kν ⋉δ V and gν = kν ⋉dδ V , where Kν is the isotropy group of
ν ∈ V ∗ with Lie algebra kν = {ζ ∈ k : ζ∗ · ν = 0}. It is easy to verify using (46)
that Gν is the stabilizer of the affine subspace Aν = {(f, ν), f ∈ k
∗}.
Putting σ = (f, ν) and τ = σ|gν , we obtain that τ = (ϕ, ν), where ϕ = f |kν .
By definition (28), the Lie group
Gντ = {(k, v) ∈ Kν ⋉δ V :
(
Ad∗(k,v)(f, ν)
)
|gν = (f, ν)|gν}
= {(k, v) ∈ Kν ⋉δ V : (Ad
∗
k f)|kν = f |kν},
(47)
because k∗ ·ν = ν, ζ∗ ·ν = 0 and Adk ζ ∈ kν for all k ∈ Kν , ζ ∈ kν . In particular,
ζ · v ∈ ker ν if v ∈ ker ν. In other words, Gντ = Kνϕ ⋉δ V , where
Kνϕ = {k ∈ Kν : 〈ϕ,Adk ζ〉 = 〈ϕ, ζ〉, ∀ζ ∈ kν}. (48)
Suppose now that the group Kν is connected. Let K˜ν be its universal cover-
ing group with the covering homomorphism p˜ν : K˜ν → Kν . Then G˜ν = K˜ν⋉δ˜V
is the universal covering group of Gν , where the semi-direct product if deter-
mined by the representation δ˜ = δ ◦ p˜ν . Since the group Gν is connected, the
coadjoint orbit Oτ ⊂ g∗ν is the orbit O
τ (Gν) ≃ Gν/Gντ . But this orbit is also
an orbit of G˜ν , that is Oτ ≃ G˜ν/(G˜ν)τ . It is easy to verify using expressions
similar to (46) and (47) that (G˜ν)τ = (K˜ν)ϕ ⋉δ˜ V , where (K˜ν)ϕ = p˜
−1
ν (Kνϕ).
Now we will establish bijections between the sets (G˜ν)
♯
τ and (K˜ν)
♯
ϕ, G
♯
ντ and
K♯νϕ using Rawnsley’s formula [1, Eq.(2)]. Indeed, for any character ψ ∈ K
♯
νϕ
the function χ(k, v) = ψ(k) exp(2pii〈ν, v〉) on the group Gντ = Kνϕ ⋉δ V is a
character because k∗ · ν = ν. By (43) this character χ is a unique extension of
ψ such that χ ∈ G♯ντ . Thus there is a bijection between G
♯
ντ and K
♯
νϕ. Using
similar arguments one establishes a bijection between (G˜ν)
♯
τ and (K˜ν)
♯
ϕ because
(G˜ν)τ = (K˜ν)ϕ ⋉δ˜ V . By Proposition 26 and Theorem 24, the orbit O
τ (Gν) is
integral and the orbitOσ(G) is not integral if and only if (G˜ν)♯τ 6= ∅ and G
♯
ντ = ∅
or, equivalently, (K˜ν)
♯
ϕ 6= ∅ and K
♯
νϕ = ∅. Remark also that the coadjoint orbit
Oϕ in k∗ν passing through the point ϕ is isomorphic to the homogeneous spaces
Kν/Kνϕ and K˜ν/(K˜ν)ϕ simultaneously.
Example 29. Now we consider a connected and simply connected algebraic Lie
group K = SU(3) and its representation δ : SU(3)→ End(gl(3,C)), δ(k)(v) =
kvkt, in the space V of all complex matrices of order three (considered as a
real space). Here kt denotes the transpose of a matrix k ∈ SU(3). Using
the nondegenerate 2-form 〈v1, v2〉 = ReTr v1v2 on V we identify the space V
with dual V ∗. Under this identification the dual representation δ∗ is given by
δ∗(k)(v) = ktvk. It is clear that for the covector ν = E, where E is the identity
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matrix, the isotropy group H = Kν is the group SO(3) = SO(3,C) ∩ SU(3).
Its universal covering group H˜ = K˜ν is isomorphic to SU(2). But as we showed
above (see Example 25) there is an element ϕ ∈ h∗ = k∗ν such that H˜
♯
ϕ =
(K˜ν)
♯
ϕ 6= ∅ while H
♯
ϕ = K
♯
νϕ = ∅. Thus, as we proved above, (G˜ν)
♯
τ 6= ∅ while
G♯ντ = ∅, that is the condition of Proposition 27 is not sufficient.
Remark 30. The Rawnsley’s assertion [1, Corollary to Prop.2] claims that an
arbitrary coadjoint orbit Oσ in the dual space g∗ of the semidirect product g is
integral if and only if the coadjoint orbit Oϕ ≃ Kν/Kνϕ in k∗ν is integral. From
Example 29 it follows that in general this assertion is not true. The gap in
the proof of this assertion [1, Corollary to Prop.2] consists in an illegal using of
Kostant’s theorem 24 (with the not necessary simply connected groupH = Kν).
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